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Problem A.1
Find all points (z, y) where the functions f(z), g(z), h(z) have the same value:

8

f(z) =2*5+3, g@)=2x-5  h(z)= o +10

Stepld: Fiad oMl points (:1,\,5) whene the fundhions Q(a),?x(:)ﬂ fhove Yhe some Jalue
(onsiden Hhe equationg) < h(d) @ -5 : ;\% +A0

© ¢ 2x¥-5x - 8 40 213} =15 x-8 -0 (2-8) (22 +1) =0 x-8
| > e { o

¢ 1
a %0 x 30 o £0 ;1:‘-5
Mox=8 G- WD -1, At oxes-1ig(-1): h-1)= -6

Thus, (§,11) aand (-1 -6) ore ofl poinis w%m o (x), h(x) fave e same value

Stepd: We will dhede i £@) olso has the Same voﬁue as g and h(x) ot x:-8
and -4 We bave: £ 228 Py a1, £(-3) - x39043:3) -6
Stepd: Thencfone, (8,14) is the poiat whene $0, q,(:n,?\m have e same value.

Problem A.2
Determine the roots of the function f(z) = (5% — 6)* — (5% — 6) — 12.

Stepd: We constden the equtti on: 60 =0 & (513‘,5)2 - (53 _() -12:0(1)

Step2: We use dange of Von ables: ey b= 5% _¢. The equation 1) becomes:

Y. 1-42:0 ()
S{_tLﬁ&: Solve () as on e_c\\,\uﬁon fon new vontable t.
Q) & (+‘— y1)«Bt-12)-0 © tl-u) +3(4-4) 0 +DE-9:0

o) [£+3:0 o [’(:'3 (%

F= 150 "
step b we will Sone ) os we neplace t- 5 o () \
k——3 5 1 . -3 5% . 3 R Y' 2a < loggd ‘ 155“‘3953
e [ « [ g2 _ap € 21 =logg10 - “_.Q,ot%s‘lD

S’t?.? 5. Since ol \'5'\?. Qq\w)ﬂons and systems above ahl Qqu\\lt\QEM W
onclude thatr  ¥ae soors of the furciion fGO ane [0953 and -loasw
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Problem A.3

Find the derivative f}, (z) of the following function with respect to z:

) m
Spd: Lot gl = 7 4% 4" | thea £ = (fgmh")J
n=1

Thus £ is o comyposite function ;e @ = 3"6"‘")'%"““)

S’(Q!'l Thedenvodie of a sun of {—L\t\(_\'\ons S E(\ut& ‘o W\t gum of the d?_}\i\l(\\’\ues
ok \‘\OSE funtkions. Hence - (Bm["’)' i (l'\ dﬂ)

Sﬂgs: Foh nz4,2, .., m ,nal‘u“ A ’r“\t p‘l\o(\,ud' ot 4wo {-undlons of x.

n- o Ar) _n-4
Thus: (03 3™ - @) a" 5 o e =t laaa® xetaa tna.a® a0
m -
Step 4. Thenefone @ gl = Ziﬂnn.n".d"-» 0¥t 2"1) aand.
D Nz
m m -1
) ) ¥ .0 [nn,n“_u“.\.nuﬂ,mn ))
"m[:ﬂ - J'(E:{ B )(E:'I(
Problem A.4
Find at least one solution to the following equation:
. 2 _ 1
1 iu;fxf(xz _)1) = sin(z) + sin’(z) + sin’(z) + sin*(z) +
Step 2: We hove RWS = sial). (1+ sin() + si0l) xSind(x) 4 )
Then ,we wealize hat A xsialx) + sielly)+ sin® () x... s the iafinite sum
ot o qeomethic senies with the ommon sakio as  sinfa)
So,foh  Sin@ x1,on Az g wh2s ) then - Rus = sia(. L _ _Sinfa)
. wnla?- : A - Sinla) A - sinld)
suxlz The tc\\m\lon}t Luonr\e_s; Sinla il - sin(x)
A-Sinly’-1) A - sinl)
2 . ( 'j.— .
We ste Rat % -4 -x 35 gialxton) - ginl) o 0 1) Ginly) i sal0#0

A-sinly’ f‘) A -sinx

-1 x (4) deo satisfies We O‘M%mﬂl
equadion, it Sin(a) -0. Since (1) hos o solukion az 24V ond stn( 1L'*\%\ £0, the

2 3
IYMC.PF.2020  oniginal cquation hos ot (east o solution u-i*‘@ !

]

Stepd: Thowkones the solurions of e equation:
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Problem B.1

Consider the following sequence of successive numbers of the 2*-th power:
1, 2%, 3¢, &, 5

Show that the difference between the numbers in this sequence is odd for all k£ € N.

S\t?'i: led  aln) be fe n\m%m aX e n-h Plnte n \-9\.‘5 sequence
Then alo) = nQL , fon ol 0 EW

Step2 ¢ s ol REIN: QL is o positive inteqen aumbey  and 2“ »2.

T8 nois odd: alw = na.ao is sl an odd awerben . SimiQm.l"l’H s et
Sy

3?‘ Yimes
then aln) s ¢rill om wven owenben . (1 kohgot {0 mention 0€IN, foh alnlto

Step3: et n be an anbithary positive mu%u\.ﬂm, o Can only be odd on even.
15 o is odd > Wen nel i even. Thus,aln) is 8dd ond alnd) is even 2 aln) - alned)is odd

T6 n is even, then nad 15 0dd. Thus, ale) is cven andalned) is 0dd 3 alo) —alned)isodd

e dekened)

ne£ONe : B E.0.
Problem B.2
Prove this identity between two infinite sums (with z € R and n! stands for factorial):
(=] n 2 oo (2 )ﬂ
x T
Stepli: We fave the ™R Madouhin  capansion fonraula
0 gln‘lm o
1 - '): i |
n:z0 nl
for  any funcion (0 ot is lakinitely Ak onentioble ar ©
[ (n) A
Step - (hoose £() = @ . Then, 05 W€ boow &) =860 = §P (0. 2 FT () ze
geplace € nto the Maclawnia - expansion fonmula we  obrain:
ob o 0 Jq
M- 7 E...,u“: 7 (A)
T b O nzD Al
A L Y L S LT
Segd . nence (7 7\7) dit il 4w 2 Hph
Replace x as 2a i (1) We have: e - o=

. . 2
Therefone, we hinue e desined pleatisy ,siace o sides ane equel to ¢ !
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Problem B.3
You have given a function A : R — R with the following properties (z € R, n € N):

An) =0, Mz+1)=A), A(n+%)=l

Find two functions p,q : R — R with g(z) # 0 for all z such that A\(z) = ¢(z)(p(z) + 1)

Sﬁﬂ : We will fnst $iad sbme Qmpﬂxms of M)
%
Finst  we have ANA) <6, )\\%) :]\(i‘r%) 24y shace Mn):0 ))\l'\*%):iJ tox il nem

Beconse NMaad) = Ma) , don ol A€W, we can obiain:
. & A
MO = N=0 5 M3)= M3):4

APPQ"’A"“‘} Moy = Moi4d) o dimes (o €IN)  we have: AGD = Moed) = b2z ... = Mx4n)

fon  x€W. Replace 3 s -0, then N@-m) =N , fon ofl LEW, nE N
Ywo propenties , we Rave = N =N(xxn), fon oll IR n is an iategen

ombining e
Then fon ony A€, we have = axb, fon o s the qreakest integen oy qresten

We obove propenty L0 - faab) 2 £(6)

fBan 26 and GET0,4) . Foﬁuw‘\m}
() o veny aEhohen we @ deveamine

Rt means we can derenmine the vole
the volwe 40 o eveny A€ TOD).
Step2: We will et esrablish some  progenties ot p(0 and qla)

Since AN = quO. (p) +1) ey a0 then : qlﬁ).(q[b) x4) - N(o) <0

Becoms @ q(0) ¥0 o PO +A =0 > e =-1
a(® con be any value ditteneat bom penc. Fon singlitidy  we lex qloy=2

S\m(\m\t\% L ih thow esks A suth thot N -0, we have pl:z-1 and (an

choose  qlay<1.
Now; 6 q(%).(?(%)&-i): NM3):=1. We wn doose ?(%\:D, hen we obyain q(%)y\,
Similonly, 14 A@ 2D ,we @n dwose pl):0, then ql) = N)#9.

Shep 3 thinefone , we an doose tWo  fundions X ot sotisty obove onditions
-1, it Ma):=D A,k Nyy=D

?(:} = ﬁ
0, 4 N %0
IYMC.PF.2020

ond  qla) = \
N, vf M) 2D
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Problem B.4
You have given an equal sided triangle with side length a. A straight line connects the center

of the bottom side to the border of the triangle with an angle of a. Derive an expression for
the enclosed area A(a) with respect to the angle (see drawing).

A

Sxep A : Nome Hhe ‘r‘h'\ut\qu AMC, M is the centen of BC We Rave 3 coses o ©nsideh
Stepd:  (ose 4:00l <‘§ and e stharght Une  drough ™ as AC ax N
ALY = A wmew)
We  dnaw  the height §n  of We thiongle MCN
N
(onsiden e hhongle (i et fos o night angle (aN .
Then o - ’cut\\\l/al - tan 2
(Y 3

[A]

A ~
Vi o CWz NM. 5 (NCw = — since MBC is an

. equst sided mongle
Geoalonly . MR - NN k.

ran NNy Yanot
Sinee (R AWK = (M= (_. _i__‘;.“_ 5 NW:
2 > W \IS ¥ fend 2 'J( )
a AERRETTY
Thenetone . R(WMIN) - % NH. MmC = X il

St 2 - L . -
Q(ﬁ*ﬂmu) g(ﬁ*w\a}
7 ond M sthaight Giee  Hnough ™ 15 Ynough A

Then AMMis ot enly o caedian but also the height
Similon as aliove , we Qave A -1
e

dtepd . (ase Q = g -

S A - (M. 3= QT\E‘

A A a\3 1. o o\3 ol\3
W\U\ ﬁ(HBc)- EB[HN\- 5—0. __2_, :Q_:_-é 5 h(d - “(H“(o)_-—' WM. RM = A_._...__. B i
e f: (a5t 3% o3 and e staaight line foouch w auls AR ot N

2 s 3
TRen AL = ARBO - Almgny 2 & V3 ¢ oy .

) G\Tl_o[)) “ mnst

The Wm, we ladote BUMBN) i \\m\im 10 clep 4, cow with u.cmh m-of inStead of @
IYMC. PI1 2020
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Problem C.1

Let 7(N) be the number of primes less than or equal to N (example: 7(100) = 25). The famous
prime number theorem then states (with ~ meaning asymptotically equal):

N

" gy

Proving this theorem is very hard. However, we can derive a statistical form of the prime
number theorem. For this, we consider random primes which are generated as follows:

(i) Create a list of consecutive integers from 2 to N.

(ii) Start with 2 and mark every number > 2 with a probability of 3.
(ili) Let n be the next non-marked number. Mark every number > n with a probability of L.
(iv) Repeat (iii) until you have reached N.

All the non-marked numbers in the list are called random primes.

(a) Let g, be the probability of n being selected as a random prime during this aigorithm.
Find an expression for g, in terms of g,_;.

(b) Prove the following inequality of g, and g,.1:

1 1 1 1 1
=t — &
gn N In+1 g n—1

(c) Use the result from (b) to show this inequality:

1 N
L= =L

an <&

(d) With this result, derive an asymptotic expression for g, in terms of n.

N
=i

Ead
ol )

k=1

(e) Let #(N) be the number of random primes less than or equal to N. Use the result from (d)
to derive an asymptotic expression for #(N), i.e. the prime number theorem for random primes.

(o) We fove 2coses o wasiden:
Casel. -1 3is o %aadom phieae,i-@ & is not renked. This cose hoppens with the

probabilitg of qag: Then, n gots ¥oough We same steps o (i) as o-,
atten et o gots ﬁ\mmﬁ\ one MONE S¥ep (i) as a-4 is the netd non-auiled g umbe
Whea 0 qots Hnough the same steps e n-d, e pholbobitity fon w to ot be

monk e ig weish e e same as -1 and u\uvx-‘» An-1
fon the last step when we onsiden a-1 40 be We aext non-mathed mumben, o is

IYMC.PF.2020 8
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warked with a gm%o&:\l‘nw ok t-:l-—‘1  HentE,n (s not marked Wil o ?XOQJQEE Qi.ha ot 4-0-1’—;_

Thanekone, e phobobilivy foh n Yo ret Qe manbed o Wis wse is q“"‘b N ':'\_1 ,
using  Yhe thﬂsﬂiw coulii oG cation fonmula.

n-1 i5 ot o handom pNME . s wse bagpens with the probaliliry ot 4-q4.4
ox Liii) as n-4. Thus,

Cosed:
T this (oot , the numbih w qots Whisugh the samme steps
s not munked with the Qm\mﬁ:i‘ih} ot qa-1

embining Bese Yo ases ,We obtoin  the §m%u%it\hi foh n to Be o nandom
- 55 N, a3
Phime:  qq = ‘\n—n.-qu—m("' ,:'_J x(L-9q-1)aq-A = ‘\n-'x(’i n-a"%h ol €W,y

(\“(& # ﬁ\-—':'\ ,{011.. ol n €£IN; 0Y,2

A\

(b) Stegd: From Yhe tormula, we fave s qayy *

A 4 _ Qa- Ane) ‘\n"%l’i'?':\l) 3;“‘ an
Then we bove: — - — = . z R
Ayt Gn Qaxy) - AN Qnxs -0 Anxy Qn N.9nxd
. N . A A A A A A
C e will prove  the feft mqualitg. — 4 2 ¢ o o b
Shep?: . 4 Qn O qavd 9n+)  n n
8 2y y > a0 Y A.-‘!E‘—)@q—‘%w
aqary | ® ® 9n ) Qnvd @ An »‘\n\ = =
The kast inequelily s ¥hue ,since gq 30, fon ol nEIN, 032
shgd: We will pove fhe wghk tnequalivy: 4 Ay L . B
‘\“ -4 (\\* \ qt\*\ q“ “—1
O A
@ { — ¢ . 2 s An
. Qna) -4 e qﬂ n-1 (\ﬂ-\'l & Qn < m»ani- =3
e 4( _l'\_ Qn : 0 (2 n __q_“ 4n A
n_i(‘\.-—n-) since qnY0) & A( ) n~i© = (ﬁ© qa &4
The foot tnequodivy s dhue HSIACE qa<d Jon all a €N, ay3.
R : A A
s o sppiied cost whane azq, then A A 4 XA Ao
Thene 1 pea ) % % n *2—1" 5 *7\__' 9.
g4 Thenefone, Wwe @a condude:
K. A L A L_ﬂ_+4__,-\-ohdlnE\N,n‘;,3.
An b Qnay G 0=
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Phoblem .4
Q) S‘t’!?_i © Fom Ye ‘\r\o_quul,‘d% we obiun a(B), we have:

A A A
—_x = ( —
A2 2 AN

A A

TR 4

A A A
= i £ —
9-1+ N-2  Qn
o )
Adding ol Bese  nequelities and ebeninating fe bens thot appeah on boHh

N-1
A A 7!
sides we  obloia: _I\_j_i_*i_\_%_*__.*___:;\* *,.«N E

A
X —
AN % 2 N-1 3 1 &

~\=

Sinte ;=4

Sieg2:  Mso $rom (6), we have:
A A

= — x4
93 Q2
A LI 1
Qy Q3 2

aN qn-y N2

Ming ofl these reveetbes  and elimi noding rhe mm\QwJ\S ot appeon on both sides

: A ! 1 = i_ A ( Siace 1)
we obiain: ;"—q(ql«'\*a*..-*Nz(‘;lh aa

Step 3 - (ombining two dove  hesulds , We gqet o gniry dose sesult  to e

de§ined intquc\L' ty
N-L
Z

A 1
i &

£ —
IN

{ +4

2

A
) &



Protleen (.1
A

1
(@) Stepd: We apply Whe famous hesult : 44 %-r g b A [o%(n)

ad Yhe fok Yot Lim [o%[n) =k , W obain -
- +0

N, N
~ 4 ~J
F:L; . T la(N)  and *E \ i +A 105( N)

Svpd : the nesult fhom (o) states Wt
%‘ A ) L
= ¥ & g 2

l:.:i k qn 93{.1 o

Thene fone - A it
: . N © qu~ 1
W ? W -(o%(N)

Stepd . Wence , we have denived an asymptofic eaphession foh qq ia tekms

ot n, \Nvm(!\ is 1
Log n)

) Stepd. faom We deliaition of g ond T (N) > we con obrain  the fornmula :

S‘t(w) = qQ *(\3 X ... -t-C'N

Syd: using the neslt brom(d), we qet

P N
nlhN) ~ 5 1
21-: b ) lo%iﬁ)
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Problem C.2
This problem requires you to read following scientific article:
On the harmonic and hyperharmonic Fibonacci numbers.

Tuglu, N., Kizilateg, C. & Kesim, S. Adv Differ Equ (2015).
Link: https://doi.org/10.1186/513662-015-0635-z

Use the content of the article to work on the problems (a-f) below. All problems marked with * are bonus
problems (g-i) that can give you extra points. However, it is not possible to get more than 40 points in total.

(a) What are the values of H,, F, and [F, forn =1,2,3?

S’tg‘l!“ | Wy - 1 _3 - 1 1A
4 ) 2 'ﬂ.«-a__z. ,H3_4+2+3_6
S“-El" Fi = 4, FJ:FO"’FJ].:i 3 F3: FJL'\' FQ =2
5*1231 “:i T 4, ‘?2 =t ‘l + 1 = o \F.; - 4_ X i_*.% ;5_
2

(b) Determine the hyperharmonic number H§1°} (Tip: use Equation 4) and Ffj.

Shga. WYY % (swu-{-a)- - (1;)_4_*?(&;5)'43 s (%)_%;Es-rm.gﬂ.%: i_g_?-_

t=1 AD-4A 1

22 We bove PR - L 60 ) B0 044 4a 22, FP2 ROA P AR 2 O d e
(3) 2
e F’- = FlD) ¥ F'f\ "F-{‘In = 0+143:=4. m+1 m
(c) Use the definition of 2™ to simplify the following fraction: ;J:
m+) m oo + phEl
We Rove: 2 — o= A0 (-2 (a0 - adir-2) (2-2).. (X -mt4)
m
15 Jm_*.'. WA-1) (2-2) -0 (r-m42) & Alx-1)(x2-2) . [(X-m)
_ A(a-1) (x-2) .. (x-m+4) (x-m-1) I S - B
Ala-1) (2-2) - L~m+2) (242 -m) A+d-m oA -mMaq

(d) Present the proof of Theorem 1 step-by-step by applying Equation 6.

. 1 G L
Stepd:  Equationb stades Yhat. g wl3) Aoy £, uld)u(x)\":l - L Eo(x) Du §y
Q

v Lt as=b, bza-d,u(k): 1 and Puthk):2

kat
ey U S
ied F =1 & E_ e
ond  Eu(k) - olhy)) k41 ket
n-1 n-4 .
S_\-_ty_l: then we obiain: T \Fg = IF!\, h \: - (Pui)_.i__ = nf, - ni-i et
ket L ¥ k0 Flat
We comg?ejg_(mh pheof
IYMC.PF.2020 10
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(e) Show that F) — F", = FY™D + FU-D. .
i h) (h-ﬂ
$tee ! . Fhom the definition of “:‘(\10 we Raves W0 s T Ly

=1
n - n-1 -4
Stepd : Then \F‘m— “;lh\ = 3 \\:h‘ H_ S \F'i' ): wlh 1) \F(h 1)
— f\’l "1:1 ’L !.l,i +

Thehe fohe, we have e desined hesult.

(f) Determine the Euclidean norm of the circulant matrix Circ(1,1,0,0).
S‘“.__Li: ll" C < (_\"\(.li 4 D)D) \’N\‘\ (. (bﬁ*ﬂjﬂs L\ hows) u_“_h hOWS P\US -h]u() i,s und

two Q's ~ Wt [m olso \NNH. (= (t'd) 1' %
sp2: Then g = (2 ‘3 )i o (gaartegao)) = 87 o VA

(g*) Show that for u(k) = F} we get Au(k) = 5~ (m + F,L,)- kot
*

S¥9 1 . from the delinition of \F. we Rave “:hi,___ T ;- “:& 4 A
=4 ! Flr
Step2 : Wt V\m duthy - u(hn— uk) = W, ¥ - (Fy - 1ER)OF ) x1rg )

| - e o -
e} ‘1* Foad ‘Fk“wh ) Fln X \Fh) ) F&n(lﬂ N —_)

o
(h*) Use the theorems from the article to prove the following identity:

k+1)m+1 ( 1 )
E : F.)2 = ——lF" E ( 2F
k() (m + 1) F1 E Fi4q

Step 1 “N"*A"‘E}U\uﬂ“w“ 6 with utl\-n:ﬁ and 0 wlh): L
Siep2 - ﬂ\m fhom theohem 2, theonem 4 and (g%) we m@x:m

A
pulk)z Ao (27, .H-_) > W(k)= __"1_'_' , Eulk) - sy ™ . \We obiain the desined
Fhad Fhed m+l m+4 hesult.

(i*) Use Equation 1 and Theorem 5 to show the following:

n—1 n—1
Fy F.Hy Hiy
—F, _

k=0
Syep A Wr\u)hun 5 states M !Z.) 'BL HaIF gl H&Ti
‘ &:Dm - n -lz F‘l
ksl 1
SYeRY 0 Equation A <yates . "i ' a-4
i 9 S fhat : !— Mgz o 5 Hoeas 3 M
< & n

Stepd : Then we  Have:
n-1 n-1 n-1 A

\f H H n
z w"(i* !Z —'}'3 > R oy 2 (\F“H& BRULE (sinte Wy =0)
k=0 ka1 =1 R k=0 Fhay h=0 n Y b
IYMC.PF.2020 11
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